Abstract. Let G be a finite group acting on a vector space V over a field F where the characteristic of the field divides the group order. The polynomial invariants of the diagonal action of G on ⊕ m V is known to be unbounded when m → ∞. In this note, we express a lower bound for the β-number in terms of Jordan decomposition of an element of order p = char F.
Introduction
Let G be finite group and ρ : G → GL(V ) be a faithful representation where V is an n-dimensional vector space over a field F of characteristic p, such that p divides the group order. For any positive integer m, G acts diagonally on the polynomial ring . .
, where ρ(g) = [g i,j ] ∈ GL(n, F) GL(V ). The ring of vector invariants is defined as
The ring of invariants is known to be a finitely generated algebra, due to a result of Noether ([10] ). One of the main object in the study of polynomial invariants is the so called Noether number or β-number, which is defined as the maximum degree of a polynomial in a minimal generating set. In the nonmodular case, i.e., when the order of G is invertible in F, then β(F [V ] G ) ≤ |G| by a well-known result of Noether ([9] ) in characteristic zero, which was extended to the positive characteristic by Fleischmann ([4] ) and Fogarty ([5] ). We direct the reader to excellent books [1] , [3] , [8] for a detailed introduction to the theory.
In the modular case, i.e., when the characteristic of the field divides the order of the group, Richman proved in [11] that
when F is the prime field.
Our aim, in this paper, is to refine this lower bound by using Jordan decomposition of an element of order p. More precisely, if an element of order p in G is represented by a matrix whose Jordan canonical form consists of s blocks of elementary Jordan matrices such that r ≤ s of them are nontrivial then,
1.1. Notation. For the convenience of the reader, we will mostly use the notations of [7] . Throughout this paper, F will denote the prime field of characteristic p and moreover, we will identify G with its image ρ(G) in GL(n, F).
The indeterminates of the polynomial ring F[⊕ m V ] correspond to elements of the dual basis, i.e., {x i,1 , . . . , x i,n } is a basis of V * corresponding to the dual space of the i-th copy of V in ⊕ m V.
Jordan block
Let g ∈ G ≤ GL(n, F) be a matrix of order p. Since, (g − 1) p = g p − 1 = 0, the Jordan canonical form of g can be given as ⎡
where J i 's are elementary Jordan matrices of order n i × n i
The size of the largest elementary block cannot exceed p since g ∈ G is chosen to be an element of order p. Without loss of generality, by changing basis elements, we may assume that
and hence we can explicitly state invariant variables. For the sake of simplicity of the notations, we define the following index sets which depend on the Jordan decomposition above.
with the convention ν 0 = 0, and then set
Note that I ×(J 0 ∪J 2 ) lists all invariant variables. Moreover, the first partition of a set, J 0 , lists invariant variables which may split off, i.e.,
where P = g is the cyclic group of order p generated by g.
Leading Terms
We say that a variable
lexicographically, and we will extend the ordering ≺ to monomials by considering the graded lexicographical order induced by ≺ . More precisely, the ordering is induced by:
The leading monomial of a polynomial f will be denoted by LM(f ). The term ordering defined above is compatible with the action of g in the sense that LM(f ) LM(g(f )). We direct the reader to [2] for a detailed discussion of monomial orders.
Proof. Suppose for contradiction that none of the x i,j for 1 ≤ i ≤ n, and j ∈ J 2 divide LM(f ). Let x i 1 ,j 1 be the smallest variable dividing LM(f ) with respect to monomial order given. Consider the monomial
We will show that the coefficient of w in the polynomial f − g · f is not zero, and get a contradiction to the fact that f is invariant and f − g · f = 0. But this is straightforward since the coefficient of w in the expansion of f − g · f is − deg (i 1 ,j 1 ) LM(f ) by construction and as stated in the hypothesis that this degree is at most p − 1, i.e., is nonzero. This completes the proof.
Main Result
Theorem 2. Let G be a group acting on an n-dimensional vector space V over a prime field F with p elements. Suppose p divides the group order |G|, and let g be an element G of order p. Then,
for m ≥ n where r is the number of nontrivial Jordan blocks of g and s is the total number of Jordan blocks of g.
To prove the theorem, we need the following universal invariant from our previous result [7] . We include it here in full for the convenience of the reader.
For m ≥ n define the following auxiliary polynomial:
where the sum is over all possible n-tuples (α 1 , . . . , α n ). The polynomial f 0 is known to be an invariant of the full linear group and hence, 
Lemma 4 ([7, Lemma 3]).

LM(f
Proof. First, we claim that the monomial 
with an equality only when there are no other variables except those x i,j such that i ∈ I and j ∈ J 0 ∪ J 1 ∪ J 2 . But this is not possible when ν ≥ 3.
Consider the monomial
which we obtain from LM(f 0 ) first by multiplying with x m−n+2,1 x −1 m−n+2,2 (note that x m−n+2,2 divides LM(f 0 )) and then pushing all variables which do not belong to class J 0 ∪ J 1 ∪ J 2 to variables of class J 2 contained in the same block.
Notice that deg
Remark 6. The case ν 1 = 2 has been studied with a more sharp result in [7] . sequence a 1 , . . . , a such that α a 1 ,. ..,a is not zero and LM(f 0 ) appears as a monomial in the expansion of h 
Proof of Theorem2. Let
We will combine this bound with the result of Proposition 1 of [7] to finish the proof. Note that we get the bound For small n where n ≤ p, we may have only one nontrivial Jordan block and no trivial Jordan block, i.e., r = s = 1. Thus, the above bound gives
In general, we have more than 1 block and we obtain the following bound
where we used the fact that when s = r we have r ≥ n/p. The last extreme case might be the case where r = 1 and s = n − p + 1. In that case, we get the bound
Recall the previous result of Richman given in equation (1), we obtain here better and more dynamic results in general.
